Introduction
In this paper we shall prove the coarse Baum-Connes conjecture for proper metric spaces with finite asymptotic dimension. Combining this result with a certain descent principle we obtain the following application to the Novikov conjecture on homotopy invariance of higher signatures. Theorem 1.1 Let Γ be a finitely presented group whose classifying space BΓ has the homotopy type of a finite CW -complex. If Γ has finite asymptotic dimension as metric space with a word length metric, then the Novikov conjecture holds for Γ.
Recall that the asymptotic dimension is a coarse geometric analogue of the covering dimension in topology [14] . More precisely, the asymptotic dimension for a metric space is the smallest integer n such that for any r > 0, there exists a uniformly bounded cover C = {U i } i∈I of the metric space for which the rmultiplicity of C is at most n + 1, i.e. no ball of radius r in the metric space intersects more than n + 1 members of C [14] . The class of finitely generated discrete groups with finite asymptotic dimension is hereditary in the sense that if a finitely generated group has finite asymptotic dimension as metric space * 1980 Mathematics Subject Classification (1985 Revision). Primary 46L80 Partially supported by National Science Foundation with a word length metric, then its finitely generated subgroups also have finite asymptotic dimension as metric spaces with word length metrics (cf. Section 6). This, together with a result of Gromov in [14] , implies that finitely generated subgroups of Gromov's hyperbolic groups have finite asymptotic dimension.
The validity of the Novikov conjecture has been established, by variety of techniques, for many groups [5] [7] [8] [9] [10] [23] [24] [27] , most notably for fundamental groups of complete manifolds with non-positive sectional curvature, closed discrete subgroups of Lie groups with finite connected components, and Gromov's hyperbolic groups. Our approach to the Novikov conjecture is coarse geometric in spirit and is based on the descent principle that the coarse Baum-Connes conjecture for a finitely generated group Γ (as a metric space with a word length metric) implies the strong Novikov conjecture for Γ if the classifying space BΓ has the homotopy type of a finite CW -complex [33] .
Our main tools are a localization technique and a controlled cutting pasting technique.
Our result on the coarse Baum-Connes conjecture also implies the GromovLawson-Rosenberg conjecture on the non-existence of Riemannian metrics with positive scalar curvature for compact K(π, 1)-manifolds when the fundamental group π has finite asymptotic dimension as a metric space with a word length metric and the Gromov's zero-in-the-spectrum conjecture for uniformly contractible Riemannian manifolds with finite asymptotic dimension. Recall that Gromov's zero-in-the-spectrum conjecture says that the spectrum of the Laplacian operator acting on the space of L 2 -forms of a uniformly contractible
Riemannian manifold with bounded geometry contains zero.
I thank Xinhui Jiang for many stimulating conversations and John Roe for explaining to me the descent principle.
The descent principle
In this section we shall briefly discuss the coarse Baum-Connes conjecture and the descent principle.
Let X be a proper metric space. Recall that a metric space is called proper and φF − F φ is compact for all φ ∈ C 0 (X);
(2) a cycle for K 1 (X) is a pair (H X , F ), where H X is an X-module and F is a self-adjoint operator acting on H X such that F 2 − I is locally compact, and φF − F φ is compact for all φ ∈ C 0 (X).
In the above description of cycles for K i (X), H X can always be chosen to be standard and non-degenerate. See [18] [20] for more details of the above description of K-homology.
Next we shall define the index map from K i (X) to K i (C * (X)). Let (H X , F ) be a cycle for K 0 (X) such that H X is a standard non-degenerate X-module.
Let {U i } i be a locally finite and uniformly bounded open cover of X and {φ i } i be a continuous partition of unity subordinate to the open cover. Define
where the infinite sum converges in strong topology. It is not difficult to verify
propagation. Using this it is not difficult to see that F is a multiplier of C * (X) and F is a unitary modulo C * (X). Hence F gives rise to an element
[F ] in K 0 (C * (X)). We define the index of (H X , F ) to be [F ] . Similarly we can define the index map from K 1 (X) to K 1 (C * (X)).
Let C be a locally finite and uniformly bounded cover for X. The nerve space N C associated to C is defined to be the simplicial complex whose set of vertices equals to C and where a finite subset {U 0 , · · · , U n } ⊆ C spans an nsimplex in N C if and only if ∩ n i=0 U i = ∅. Endow N C with the spherical metric. Recall that the spherical metric on the simplicial complex N C is defined as
where t i ≥ 0, n i=0 t i = 1. The standard spherical metric on the simplex {U 0 , · · · , U n } is defined to be the metric induced from the standard Riemannian metric on the n-th unit sphere S n . The spherical metric on N C is defined to be the maximal metric whose restriction to each simplex is the standard spherical metric. If x and y lie in different connected components of N C , then we define
A sequence of locally finite and uniformly bounded covers {C k } ∞ k=1 of X is called an anti-Cech system of X [31] if there exists a sequence of positive numbers R k → ∞ such that for each k,
(1) every set U ∈ C k has diameter less than or equal to R k ; (2) any set of diameter R k in X is contained in some member of C k+1 .
Anti-Cech system always exists [31] .
By the property of the anti-Cech system, for every pair
gives rise to the following inductive systems of groups:
The following conjecture is called the coarse Baum-Connes conjecture.
Conjecture 2.6 ([31]) The index map induces an isomorphism from lim k→∞
It is not difficult to see that the coarse Baum-Connes conjecture for X does not depend on the choice of the anti-Cech system.
The following descent principle provides a coarse geometric approach to the Novikov conjecture.
Theorem 2.7 ([33]) Let Γ be a finitely generated group. If the classifying space BΓ of Γ has the homotopy type of a finite CW -complex, then the coarse Baum-Connes conjecture for Γ (as a metric space with a word length metric) implies the strong Novikov conjecture for Γ.
Recall that the word length metric on a finitely generated group Γ is defined as follows. By choosing a finite generating set S for Γ, for any γ ∈ Γ, we can define its length l S (γ) to be the smallest integer n such that there exists
for which γ = s 1 · · · s n and either s i or s
∈ S for all i. The word length metric d S on Γ is defined by:
for all γ 1 , γ 2 ∈ Γ. It is not difficult to see that, for any two finite generating
Localization and the obstruction group
In this section we shall recall the localization technique introduced in [39] and introduce an obstruction group to the coarse Baum-Connes conjecture.
Definition 3.1 (1) ( [39] ) Let X be a proper metric space. The localization algebra C * L (X) is defined to be the C * -algebra generated by all bounded and
(2) Let f be an element in C * L (X), we define the propagation of f to be
Next we shall define a local index map from the K-homology group K i (X) to the K-theory group K i (C * L (X)). For each positive integer n, let {U n,i } i be a locally finite open cover for X such that diameter(U n,i ) < 1/n for all i. Let {φ n,i } i be a continuous partition of unity subordinate to {U n,i } i . Let (H X , F ) be a cycle for K 0 (X) such that H X is a standard non-degenerate X-module.
Define a family of operators F (t) (t ∈ [0, ∞)) acting on H X by:
for all t ∈ [n, n + 1], where the infinite sum converges in strong topology.
Notice that propagation(F (t)) → 0 as t → ∞. Using this it is not difficult to
We define the local index of the cycle (H X , F ) to be [F (t)]. Similarly we can define the local index
Let e be the evaluation homomorphism from C * L (X) to C * (X) defined by:
for every f ∈ C * L (X). We have the following commuting diagram:
where Ind and Ind L are respectively the index and local index map.
We define the dimension of a simplicial complex X to be the smallest integer n such that the dimension of each simplex of X is at most n. 
The above theorem can be proved by induction on the i-skeleton X (i) (as a metric subspace of X) and a Mayer-Vietoris sequence argument (cf. [39] ).
Let f be a proper map from a proper metric space X to another proper metric space Y . Assume that f is Lipschitz in the sense that there exists a
as k → ∞. By Lemma 2.4, for each k > 0, there exists an isometry V k from a standard non-degenerate X-module H X to a standard non-degenerate
Define a family of isometries
defined as follows:
We have the following useful lemma:
Definition 3.4 Let X be a proper metric space. C * L,0 (X) is defined to be the C * -algebra generated by all bounded and uniformly continuous functions f from
We have the following short exact sequence:
The above short exact sequence, together with Theorem 3.2, implies the following.
Theorem 3.5 Let X be a proper metric space. Assume that there exists an anti-Cech system {C k } k for X such that N C k is finite dimensional for all k.
Then the coarse Baum-Connes conjecture holds for X if and only if
In the above theorem, the inductive system of groups is given by:
where i k 1 ,k 2 is as in Conjecture 2.6, and Ad(V i k 1 ,k 2 (t)) is as in Lemma 3.3. If X has (locally) bounded geometry, then there exists an anti-Cech system
is called the obstruction group to the coarse Baum-Connes conjecture.
Controlled obstructions:
In this section we shall introduce and study the semigroups QP δ,r,s,k (X) and QU δ,r,s,k (X), which can be respectively considered as controlled versions of
Let A be a C * -algebra and δ be a positive number. An element p in A is called a δ-quasi-projection if
Similarly an element u in A is called a δ-quasi-unitary if
Let X be a proper metric space; let C * L,0 (X) + be the C * -algebra obtained from C * L,0 (X) by adjoining an identity. Let δ, r and s be positive numbers, k and n be non-negative integers. Define
Definition 4.1 QP δ,r,s,k (X) is defined to be the direct limit of
Notice that QP δ,r,s,k (X) is a semigroup under direct sum.
Similarly we define QU δ,r,s,k (C * L,0 (X) + ⊗ M n (C)) to be the set of all piece-
Definition 4.2 QU δ,r,s,k (X) is defined to be the direct limit of
Notice that QU δ,r,s,k (X) is a semigroup under direct sum.
Definition 4.3 Let p and q be two elements in
is said to be (δ, r, s)-equivalent to q if there exists a piecewise smooth homotopy
Notice that there exist universal constants c 0 and s 0 such that (1) any
, and f (x) = 0 for
where 0 < δ < 1/100. By the above discussions, QP δ,r,s,k (X) can be considered as a
Similarly we can define the concept of (δ, r, s)-equivalence between elements
It is also not difficult to verify that there exist universal constants c 1 and
is (10δ, r, c 1 s + s 1 )-equivalent to some v in QU 10δ,r,c 1 s+s
), where 0 < δ < 1/100. By the above discussions, QU δ,r,s,k (X) can be considered as a
where c 1 (δ, s) depends only on δ and s, c 2 (s) and c 3 (s) depend only on s.
Proof: Let a(t) be the homotopy in Definition 4.3. There exists a partition:
where m s depends only on s. Consider
We have
This implies that
It follows that
We also have
Let P l (x) be the l-th Taylor's polynomial for
at 0. Choose l 0 such that
for all x ∈ [0, 3/10]. Let
Notice that P l (x) has non-negative coefficients and the sequence {P l (x)} l is uniformly bounded on [0, 3/10] . This, together with the chain rule, implies
for some c 2 (s) depending only on s. By the choice of l 0 it is not difficult to verify that u is a δ-quasi-unitary. (A), (B) and the self-adjointness of a(t)
This, together with the definition of w i , implies that
where b is a universal constant. Now it is not difficult to see that u satisfies the desired properties.
For any proper metric space X, let GQP δ,r,s,k (X) be the semigroup of formal difference p − q, where p, q ∈ QP δ,r,s,k (X), and π(p) = π(q). Two For any u ∈ QU δ,r,s,k (X), let z t (u) be the homotopy connecting I ⊕ I to u ⊕ u * obtained by combining the linear homotopy connecting I ⊕ I to uu * ⊕ I with the rotation homotopy connecting uu
where
We define a map θ from QU δ,r,s,k (X) to GQP 100δ,100r,100(s+1),k+1 (X) by:
The following result can be considered as a controlled version of a classical result in topological K-theory.
Lemma 4.5 θ : QU δ,r,s,k (X) → GQP 100δ,100r,100s,k+1 (X) is an asymptotic isomorphism in the following sense:
(1) for any 0 < δ < 1/100, r > 0, s > 0, there exist 0 < δ 1 < δ, 0 < r 1 < r and s 1 > 0, such that if two elements u and v in QU δ 1 ,r 1 ,s,k (X) are (δ 1 , r 1 , s)-equivalent, then θ(u) and θ(v) are (δ, r, s 1 )-equivalent, where δ 1 depends only on δ; r 1 depends only on r; and s 1 depends only on s;
(2) for any 0 < δ < 1/100, r > 0, s > 0, there exist 0 < δ 2 < δ, 0 < r 2 < r and
Proof: (1) Let w(t) be the homotopy realizing the (δ 1 , r 1 , s)-equivalence between u and v. Let a(t) be the homotopy connecting I to v * u obtained by combining the linear homotopy between I and u * u with the homotopy w(t) * u; let b(t) be the homotopy connecting I to vu * obtained by combining the linear homotopy between I and uu * with the homotopy w(t)u * . Define
where z t is as in the definition of the map θ. We have
where c is a universal constant. Now (1) follows from the above conditions by choosing appropriate δ 1 , r 1 and s 1 . 
where x is identified with a piecewise smooth family of elements
Now, by choosing appropriate r 2 and s 2 , (2) follows from the existence of c t satisfying the above conditions. 
Hence we can write
where ||g|| < 10c 3 (s)δ 3 , ||h|| < 10c 3 (s)δ 3 .
Define
Now, by choosing appropriate r 3 and s 3 , (3) follows from the existence of y t satisfying (A) and (B).
Let X and Y be two proper metric spaces; let f and g be two proper
Lipschitz maps from X to Y . A continuous homotopy
between f and g is said to be strongly Lispchitz if 
X is said to be strongly Lipschitz homotopy equivalent to Y if there exist
proper Lipschitz maps f : X → Y and f 1 : Y → X such that f 1 f and f f 1 are strongly Lipschitz homotopic to id X and id Y , respectively. Lemma 4.6 Let f and g be two proper Lipschitz maps from X to Y . Assume that f is strongly Lipschitz homotopic to g. There exists S 0 > 0, C 0 > 0 such that for any u ∈ QU δ,r,s,k (X), there exists a homotopy w(t) (t ∈ [0, 1]) in
and ||w (t)|| ≤ S 0 , where Ad(V f (t)) and Ad(V g (t)) are as in Lemma 3.3, S 0 and C 0 depend only on the Lipschitz constant C of the strong Lipschitz homotopy F between f and g.
Proof: Choose {t
(2) there exists a sequence N j → ∞ such that t i,j = 1 for all i ≥ N j , and
For example, we can take
where N is some large positive number.
Let f i,j (x) = F (t i,j , x) for all x ∈ X. By Lemma 2.4 there exists an isometry
For each i > 0, define a family of isometries
for all t ∈ [j, j + 1], where
for i > 0. Notice that u i (t) is uniformly continuous in t although V i (t) is not continuous in t.
For each i, define n i to be the largest integer j satisfying i ≥ N j if {j : i ≥ N j } = ∅, and define n i to be 0 otherwise. We can choose V f i,j in such a way that u i (t) = u ∞ (t) when t ≤ n i .
where a, b and c act on the standard and non-degenerate
By (2), (3) and the construction of a, b and c, we know that a, b and c are elements in QU C 1 δ,C 1 r,C 1 (s+1),k (Y ) for some constant C 1 depending only on C.
Using u i,i+1 (t) we can construct a homotopy
for all t, where s 0 is a universal constant.
We can also construct a homotopy v 2 (t) (t ∈ [0, 1]) in QU C 3 δ,C 3 r,C 3 s,k (Y ) for some C 3 ≥ C 1 such that
for all t, where s 1 is a universal constant.
Finally we define w(t) to be the homotopy obtained by combining the following homotopies:
(1) the linear homotopy between (u 0 ⊕ I)
It is not difficult to see that w(t) is the desired homotopy connecting
I. Combining Lemma 4.5 and Lemma 4.6 we have the following result.
Lemma 4.7 Let X, Y , f and g be as in Lemma 4.6. For any 0 < δ < 1/100, r > 0, s > 0, there exist 0 < δ 1 < δ, 0 < r 1 < r and s 1 > 0 such that
and ||w (t)|| ≤ s 1 , where δ 1 depends only on δ, s, C (C is as in Lemma 4.6); r 1 depends only on δ, r, s, C; and s 1 depends only on s and C.
Controlled cutting and pasting
In this section we shall prove a controlled cutting and pasting result for QU δ,r,s,k (X).
Definition 5.1 Let X be a proper metric space and X i (i = 1, 2) be its metric subspaces. The triple (X; X 1 , X 2 ) is said to satisfy the strong excision condition if
(2) there exists r 0 > 0, c 0 > 0 such that (i) for any r ≤ r 0 , bd r (X 1 ) ∩ bd r (X 2 ) = bd r (X 1 ∩ X 2 ), where bd r (A) is defined to be {x ∈ X : d(x, A) ≤ r} for any A ⊆ X; (ii) for each X = X 1 , X 2 , X 1 ∩X 2 , and any r ≤ r 0 , bd r (X ) is strongly Lipschitz homotopy equivalent to X with c 0 as the Lipschitz constant of the strong Lipschitz homotopies realizing the strong Lipschitz homotopy equivalence.
Let (X; X 1 , X 2 ) be as in Definition 5.1. We shall first construct a boundary map ∂ from QU δ,r,s,k (X) to GQP N 0 δ,N (δ)r,N 0 s,k (X 1 ∩ X 2 ), where 0 < δ < 1/100, N (δ) depends only on δ, N 0 is a universal constant, and r < r 0 /(1 + N (δ)) (r 0 is as in Definition 5.1). Our construction is modeled after the standard construction of the boundary map in K-theory (cf. [4] and [26] ). The modification is necessary in order to control the propagations.
Let 0 < δ < 1/100. For any u ∈ QU δ,r,s,k (X), let u X 1 = χ X 1 uχ X 1 , where χ X 1 is the characteristic function of X 1 . Define
The above formula has its origin in [26] . Let P l (x) be the l-th Taylor's polynomial for 1/(10 √ 1 − x). Choose l 0 to be the smallest integer such that
for all x ∈ [0, 99/100]. Notice that
where χ bd 10l 0 r (X 1 )∩bd 10l 0 r (X 2 ) is the characteristic function of bd 10l 0 r (X 1 )∩bd 10l 0 r (X 2 ).
Let N (δ) = 100l 0 . Notice that P l (x) has non-negative coefficients and We define the boundary of u by:
Consider the following sequence:
Lemma 5.2 Let (X; X 1 , X 2 ) be as in Definition 5.1. The above sequence is asymptotically exact in the following sense:
(1) for any 0 < δ < 1/100, r > 0, s > 0, there exists 0 < δ 1 < δ, 0 < r 1 < min{r, r 0 /(1 + N (δ 1 ))},
, where δ 1 depends only on δ and s; r 1 depends only on δ, r and s; and s 1 depends only on s;
(2) for any 0 < δ < 1/100, r > 0, s > 0, there exist 0 < δ 2 < δ, 0 < r 2 < min{r, Proof: (1) follows from the definition of the boundary map.
(2) By Lemmas 4.4, 4.7 and the definition of boundary map, for any 0 < δ < δ, there exists 0 < δ 2 < δ (δ 2 depends only on δ , s and c 0 ) for which
where w = w u⊕I is as in the definition of the boundary ∂(u ⊕ I); c 1 (δ , s) depends only on δ and c 0 ; c 2 (s) and c 3 (s) depend only on s and c 0 .
Hence we have
By the definition of w and properties of x, there exists a constant N 1 (δ , s) (depending only on δ , s and
where c 4 (s) depends only on s. Choose
where C 0 is as in Lemma 4.6 (depending only on the Lipschitz constant c 0 in our case). Define
(A) and (B), together with the choice of δ , imply that v 2 is a (δ/(1 + C 0 ))-quasi-unitary. We have
We require
where r 0 is as in Definition 5.1. Let f 1 be the proper strong Lipschitz map from bd r 2 (X 1 ) to X 1 realizing the strong Lipschitz homotopy equivalence in Definition 5.1; let f 2 be the proper strong Lipschitz map from bd N 1 (δ ,s)r 2 (X 2 )
to X 2 realizing the strong Lipschitz homotopy equivalence in Definition 5.1.
and { k } (in Lemma 3.3) is chosen in such a way that sup k k < r 2 /10.
(A) and (B) imply that
Combining Lemma 5.2 with Lemma 4.5 we have the following asymptotically exact sequence for QU when k > 1:
Spaces with finite asymptotic dimension
In this section we shall prove that the class of finitely generated groups with finite asymptotic dimension (as metric spaces with word length metrics) is hereditary. We shall also prove a localization result which will play an important role in the proof of our main result.
Definition 6.1 ([14])
The asymptotic dimension of a metric space is the smallest integer m such that for any r > 0, there exists a uniformly bounded cover C = {U i } i∈I of the metric space for which the r-multiplicity of C is at most m + 1, i.e. no ball of radius r in the metric space intersects more than m + 1 members of C.
Notice that the concept of asymptotic dimension is a coarse geometric analogue of the covering dimension in topology. It is not difficult to verify that the asymptotic dimension is invariant under quasi-isometry. In particular, this implies that if a finitely generated group is endowed with a word length metric, then its asymptotic dimension does not depend on the choice of the word length metric.
Proposition 6.2 Let Γ be a finitely generated group and Γ 1 be a finitely generated subgroup of Γ. If Γ has finite asymptotic dimension as a metric space with a word length metric, then Γ 1 also has finite asymptotic dimension as a metric space with a word length metric.
Proof: For any r > 0, let C = {U i } i∈I be the cover for Γ as in definition 6.1.
Define a cover C 1 for Γ 1 by: This implies that the r-multiplicity of C 1 is at most m + 1.
Next we shall prove that C 1 is uniformly bounded with respect to d 1 . By assumption there exists R > 0 such that the diameter of U i ∩ Γ 1 is at most R with respect to d for all i. This implies that for any x ∈ U i ∩ Γ 1 , we can write
where g l ∈ G for all 0 ≤ l ≤ k, and x 0 is a fixed element in U i ∩Γ 1 . Let A R be the set of all elements in Γ 1 which can be written as h 1 · · · h j , where h 1 , · · · , h j ∈ G, and j ≤ R. It is not difficult to see that A R is a finite set. Therefore there exists
implies that the diameter of U i ∩ Γ 1 is at most R 1 with respect to d 1 for all i.
Gromov proved that hyperbolic groups have finite asymptotic dimension as metric spaces with word length metrics (see p31-32 in [14] ). This result, together with Lemma 6.2, implies that finitely generated subgroups of hyperbolic groups have finite asymptotic dimension as metric spaces with word length metrics.
Let X be a proper metric space with finite asymptotic dimension m. By the definition of asymptotic dimension there exists a sequence of covers C k of X for which there exists a sequence of positive numbers R k → ∞ such that
for all U ∈ C k ; (3) the R k -multiplicity of C k+1 is at most m + 1, i.e. no ball with radius R k intersects more than m + 1 members of C k+1 .
(1) and (2) imply that {C k } k is an anti-Cech system for X.
Fix a positive integer n 0 . For each n > n 0 , let r n = π( Rn 8R n 0 +1 − 1). By property (1) of the sequence {R k }, there exists n 1 > n 0 such that r n > π/2 if n > n 1 and there exists a sequence of non-negative smooth functions {χ n } n>n 1 on [0, ∞) for which (1) χ n (t) = 1 for all 0 ≤ t ≤ π/2, and χ n (t) = 0 for all t ≥ r n ; (2) there exists a sequence of positive numbers n → 0 satisfying |χ n (t)| < n ≤ 1 for all n > n 1 .
For each U ∈ C n+1 (n > n 1 ), define
where V ∈ N C n 0 is the vertex of N C n 0 corresponding to V ∈ C n 0 . We define a map G n from N C n 0 to N C n by:
Let n > n 1 . We can choose the map i n 0 ,n from N C n 0 to N C n in Conjecture 2.6 in such a way that, for each V ∈ C n 0 +1 ,
for all t ∈ [0, 1], and x ∈ N C n 0 . Lemma 6.3 Let X be a proper metric space with finite asymptotic dimension m, and G n , F and i n 0 ,n be as above.
(1) G n is a proper Lipschitz map from N C n 0 to N C n with a Lipschitz constant depending only on m;
(2) F (t, x) is a strong Lipschitz homotopy between G n and i n 0 ,n with a Lipschitz constant depending only on m;
where N C 0 and N C n are endowed with the spherical metrics.
Proof: (1) By property (1) of χ n , we have
Let U be an element in C n+1 such that χ n (d(x, U )) = 0 for some x ∈ N C n 0 .
By property (1) of χ n , we have
with the definition of the spherical metric on N C n 0 , we have
where d(V i , U ) is the distance between two subsets V i and U of X. (C) implies that
Hence G n (x) is in N C n for all x ∈ N C n 0 . The inequality (C), together with the condition on the R n -multiplicity of C n+1 , implies that there are at most m + 1 number of non-zero terms in V ∈C n+1 χ n (d(x, V )). Now (1) follows from the above fact, (A) and property (2) of χ n .
(2) We shall first prove that, for each x ∈ N C n 0 , G n (x) and i n 0 ,n (x) live on a common simplex of N C n .
where t i > 0, i t i = 1, and V i ∈ C n 0 +1 . By the choice of i n 0 ,n , we have
for all i. Hence both i n 0 ,n (x) and G n (x) live on the simplex with vertices
, which is a simplex in N C n by the argument in the proof of (1).
Now it is not difficult to see (2) . (3) follows from the properties of χ n , G n and an argument similar to that in the proof of (1).
Main result and applications
In this section we shall prove the following result and discuss its applications to topology, geometry and analysis. The above theorem greatly improves a result in [40] , where, using a con- Recall that Gromov's zero-in-the-spectrum conjecture says that the spectrum of the Laplacian operator acting on the space of L 2 -forms of a uniformly contractible Riemannian manifold with bounded geometry contains zero [13] [14].
Recall that the dimension of a simplicial complex X is the smallest integer m such that each simplex of X has dimension at most m. Proof: Let X (n) be the n-skeleton of X and be endowed with the subspace metric induced from the spherical metric on X. We shall prove our proposition for X (n) by induction on n.
When n = 0, we choose r 1 to be min{r, π/10}. By the choice of r 1 , u has propagation 0. Without loss of generality we can assume that u(t) is piecewise smooth with respect to t ∈ [0, ∞) and It is not difficult to see that w(t) realizes the (δ, r, s 1 )-equivalence between u ⊕ I and I if we choose appropriate δ 1 and s 1 , where δ 1 depends only on δ, and s 1 depends only on s.
Assume by induction that the proposition holds when n = l − 1. Next we shall prove the proposition when n = l. For each simplex of dimension l in X, we define 1 = {x ∈ |d(x, c( )) ≤ 1/100}, 2 = {x ∈ |d(x, c( )) ≥ 1/100}, where c( ) is the center of . Let X 1 = ∪ : simplex of dimension l in X 1 , X 2 = ∪ : simplex of dimension l in X 2 .
Notice that
(1) X 1 is strongly Lipschitz homotopy equivalent to {c( )| : l − dimensional simplex in X};
(2) X 2 is strongly Lipschitz homotopy equivalent to X (l−1) ; (3) X (l) = X 1 ∪ X 2 , and X 1 ∩ X 2 is the disjoint union of the boundaries of all l-dimensional 1 in X (l) .
(1) and (2), together Lemma 4.6 and the induction hypothesis, imply that our proposition holds for X 1 and X 2 . By Lemmas 4.6, 4.5 and 5.2, we also know that our proposition holds for X 1 ∩ X 2 . It is not difficult to verify that (X (l) ; X 1 , X 2 ) satisfies the strong excision condition in Definition 5.1. Now we can complete the induction process by using the asymptotically exact sequence for QU (cf. Lemmas 5.2 and 4.5).
Proof of Theorem 7.1: Let X be a proper metric space with asymptotic dimension m. By Theorem 3.5 it is enough to prove that
where C n is as in Section 6. By an approximation argument any element in K i (C * L,0 (N C n 0 )) can be represented as an element u ∈ QU δ 1 ,r,s,k (N C n 0 ) for some r, s and k > m + 1, where δ 1 is as in Proposition 7.5 for some 0 < δ < 1/100. Let u n = Ad(V Gn (t))(u(t)), where G n is as in Lemma 6.3, Ad(V Gn (t)) is as in Lemma 3.3, and { k } k (in Lemma 3.3) is chosen in such a way that sup k k < r 1 /10, where r 1 is as in Proposition 7.5. By Lemma 6.3, there exists K > 0 such that u n has propagation at most r 1 for n > K. Our assumption on the asymptotic dimension of X implies that the dimension of N C n is at most m for all n. By Proposition 7.5 we know that u n ⊕ I is (δ, r, s 1 )-equivalent to I in QU δ,r,s,k (N C n ) for n > K, where s 1 is as in Proposition 7.5. By Lemmas 4.6, 6.3 and the discussions after Definition 4.3, u n is equivalent to Ad(V in 0 ,n (t))(u(t)) in K i (C * L,0 (N C n )). Hence [u] = 0 in lim n→∞ K i (C * L,0 (N C n )).
